ADDITIVE ACTIONS ON COMPLETE TORIC SURFACES AND
ON UNIQUENESS OF ADDITIVE ACTIONS ON COMPLETE TORIC
VARIETIES

SERGEY DZHUNUSOV

ABSTRACT. By an additive action on an algebraic variety X we mean a regular effective
action G x X — X with an open orbit of the commutative unipotent group G. In these
two papers, we give a classification of additive actions on complete toric surfaces and a
uniqueness criterion for additive action on a complete toric variety.

1. INTRODUCTION

Let K be an algebraically closed field of characteristic zero. Denote its additive group by
G, = (K, +). Consider the commutative unipotent group G = G, x ... x G, (n times).
By an additive action on an irreducible algebraic variety X of dimension n we mean an
effective regular action G} x X — X with an open orbit. If a complete variety X admits an
additive action, we can consider variety X as an equivariant completion of affine space A"
with respect to the group of parallel translations on A™.

A systematic study of additive actions began with the work of Hassett and Tschinkel [20].
They introduced a correspondence between additive actions on the projective space P"
and local (n + 1)-dimensional commutative associative algebras with a unit; see also [21,
Proposition 5.1] for a more general result. Hassett-Tschinkel correspondence allows to
obtain the classification of additive actions on projective space P" for n < 5; these are
precisely the cases when the number of additive actions is finite.

The study of additive actions was originally motivated by Manin’s conjecture about
the distribution of rational points of bounded height on algebraic varieties, see works of
Chambert-Loir and Tschinkel [8,9].

There are some classification results for additive actions on various classes of varieties,
in particular, on flag varieties [1, 14,17, 18], singular del Pezzo surfaces [13], Hirzebruch
surfaces [20], and weighted projective planes [2].

Some results in this direction are devoted to the uniqueness of additive actions. In [23], it
is proved that an additive action on a smooth nondegenerate projective quadric is unique up
to isomorhpism. Uniqueness of an additive action on a flag variety that is not isomorphic to
a projective space is proved indepently and by completely different methods in [18] and [14].

The present work concerns the uniqueness of additive actions in the case of toric varieties.
This problem was raised in [7, Section 6]. In [12], it is proved that G,-actions on a toric
variety X normalized by the acting torus 7" are in bijection with some special elements in the
character lattice of the torus 7" called Demazure roots of the corresponding fan 3. Let R(X)
be the Cox ring of the variety X. Cox [10] noted that normalized G,-actions on a toric
variety can be interpreted as certain G,-subgroups of automorphisms of the ring R(X). In
turn, such subgroups correspond to homogeneous locally nilpotent derivations of this ring.
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In [6], all toric varieties admitting an additive action are described in terms of their fans.
It is proved that if a complete toric variety X admits an additive action, then it admits
an additive action normalized by the acting torus. Moreover, any two normalized additive
actions on X are isomorphic.

This work is made up on the basis of two papers [15] and [16]. In [15], all additive
actions on a complete toric surface were classified. It turns out that there are no more than
two non-isomorphic additive actions on a complete toric surface, see Section 6. In [16], a
criterion of uniqueness on additive actions on toric varieties was proved, see Section 7.

After presenting some preliminaries on toric varieties and Cox ring (Section 2) and G,-
actions and Demazure roots (Section 3), we describe the results of [6] (Section 4). In
Section 5, we prove some facts on Demazure roots of a toric variety admitting an additive
action. In Section 6, we classify additive actions on complete toric surfaces. In Section 7, we
prove the criterion on uniqueness of additive actions on toric varieties. Finally, in Section 8
we give some corollaries and examples and discuss the case of toric surfaces.

The author is grateful to his supervisor Ivan Arzhantsev and to Yulia Zaitseva for useful
discussions and comments.

2. TORIC VARIETIES AND COX RINGS

In this section, we introduce basic notation of toric geometry, see [11,19] for details.

Definition 1. A toric variety is a normal variety X containing a torus 7' ~ (K*)" as a
Zariski open subset such that the action of T" on itself extends to an action of 7" on X.

Let M be the character lattice of T and N be the lattice of one-parameter subgroups
of T'. Let (-,-) : NxM — Z be the natural pairing between the lattice N and the lattice M.
It extends to the pairing (-,-)g : Ng X Mg — Q between the vector spaces Ng = N ®z Q
and Mg = M ®z Q.

Definition 2. A fan ¥ in the vector space Ng is a finite collection of strongly convex
polyhedral cones ¢ such that

(1) for all cones o € 3, each face of o is also in ¥;
(2) for all cones 1,09 € X, the intersection o1 N oy is a face of the cones oy and oy.

There is a correspondence between toric varieties X and fans ¥ in the vector space Ng,
see [11, Section 3.1] for details.

Here, we recall basic notions of the Cox construction, see [3, Chapter 1] for more details.
Let X be a normal variety. Suppose that the variety X has a free finitely generated divisor
class group Cl(X) and there are only constant invertible regular functions on X. Denote the
group of Weil divisors on X by WDiv(X) and consider a subgroup K C WDiv(X) which
maps onto Cl(X) isomorphically. The Coz ring of the variety X is defined as

R(X) = €D H(X, D), where H(X,D) = {f € K(X)* | div(f) + D > 0} U {0}

and the multiplication on homogeneous components coincides with the multiplication in
the field of rational functions K(X) and extends to the Cox ring R(X) by linearity. It is
easy to see that up to isomorphism the graded ring R(X) does not depend on the choice
of the subgroup K.

Suppose that the Cox ring R(X) is finitely generated. Then X := Spec R(X) is a normal
affine variety with an action of the torus Hy := SpecK[CI(X)]. There is an open Hx-

invariant subset X C X such that the complement X \X is of codimension at least two
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in X, there exists a good quotient 7y : X = )A(//HX, and the quotient space )A(//HX is
isomorphic to X, see [3, Construction 1.6.3.1]. Thus, we have the following diagram:

X ‘15 X= Spec R(X)

l//HX

X

It is proved in [10] that if X is toric, then R(X) is a polynomial algebra K[z1, ..., 2],
where the variables x; correspond to T-invariant prime divisors D; on X or, equivalently, to
the rays p; of the corresponding fan ¥. The Cl(X)-grading on R(X) is given by deg(z;) =
[D,]. In this case, X is isomorphic to K™, and X \ X is a union of some coordinate
subspaces in K™ of codimension at least two. Denote the torus (K*)™ acting diagonally on
the variety X by T. Therefore, there are two gradings on R(X), namely, Z™-grading which
corresponds to the T-action and Cl(X)-grading which corresponds to H x-action.

Let us desribe a connection between the gradings by the group CI(X) and by the
group Z™ on R(X). Each w € M gives a character x¥ : 7T — K*, and hence, x" is
a rational function on X. By [11, Theorem 4.1.3], the function x* defines a principal
divisor div(x") = —>_ (pp,w)D,. Let us consider a map M — Z™ defined by w
((p1,w), ..., {pm,w)), where py,..., p, are one-dimensional cones of ¥ and p; are prim-
itive vectors on rays p;. By [19, §3.4], this map gives an exact sequence

0—M—7" — ClI(X) —0.

Here, a divisor D € Z*() = Z™ determines an element [D] € CI(X). We identify the group
Z™ with the character lattice of the torus (K*)™. Thus, every element w € M corresponds
to the character Y of the torus T. Moreover, for any w,w’ € M the equality w = w’ holds
if and only if ¥* = x*'.

3. DEMAZURE ROOTS AND LOCALLY NILPOTENT DERIVATIONS

Let X be a toric variety of dimension n, and ¥ be the fan of the variety X.
Let (1) ={p1,...,pm} in N be the set of rays of the fan ¥ and p; be the primitive
lattice vector on the ray p;.

For any ray p; € 3(1), we consider the set SR; of all vectors e € M such that

(1) (pi,e) = —1 and (pj,e) >0 for j #1, 1 <j <n;
(2) if o is a cone of ¥ and (v,e) = 0 for all v € o, then the cone generated by o and p;
is in X as well.

Elements of the set R = | J R; are called Demazure roots of the fan ¥ (see [12, Section 3.1]
i=1
or [22, Section 3.4]). Let us divide the roots R into two classes:

S=RN-R, U=NR\6.

Roots in & and 4 are called semisimple and unipotent, respectively.

A derivation 0 of an algebra A is said to be locally nilpotent if for every f € A, there
exists k& € N such that *(f) = 0. For any locally nilpotent derivation 9 on A, the
map @p: G, X A — A, (s, f) = exp(s0)(f) defines a structure of a rational G,-algebra

on A. A derivation 9 on a graded ring A = @ A, is said to be homogeneous if it re-
weK

spects the K-grading. If f,h € A\ ker 0 are homogeneous, then 9(fh) = fo(h) + 9(f)h is
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homogeneous too, and degd(f) — deg f is equal to degd(h) — deg h. Thus, any homoge-
neous derivation 0 has a well-defined degree given as degd = degd(f) — deg f for any
homogeneous element f € A\ ker 0.

Every locally nilpotent derivation of CI(X)-degree zero on the Cox ring R(X) induces
a regular action G, x X — X. In fact, any regular G,-action on X arises this way,
see [10, Section 4] and [3, Theorem 4.2.3.2]. If a G,-action on a variety X is normalized by
the acting torus T, then the lifted G,-action on X = K™ is normalized by the diagonal torus
T. Conversely, any G,-action on K™ normalized by the torus T and commuting with the
subtorus Hx induces a G,-action on X. This shows that G,-actions on X normalized by
the torus 7" are in bijection with locally nilpotent derivations of the Cox ring K[z, ..., x,,]
that are homogeneous with respect to the grading by the lattice Z™ and have degree zero
with respect to the Cl(X)-grading.

For any element e € 2R;, we consider the locally nilpotent derivation 9, = [] i ;p 7:€) %
on the algebra R(X). This derivation has degree zero with respect to the grading by the
group CI(X). This way one obtains a bijection between Demazure roots in JR and locally
nilpotent derivations on the ring R(X) which are homogeneous with respect to Z™-grading
and have degree zero with respect to the Cl(X)-grading. The latter ones, in turn, are in
bijection with G,-actions on X normalized by the acting torus.

Proposition 1. [10, Proposition 4.4] There is a one-to-one correspondence
R < {(;,27) : 2P € R(X) is a monomial, x° # x;, deg(x”) = deg(z;)}.

Corollary 1. If a homogeneous component C' of the Cox ring R(X) contains a variable x;,
then the vector space C' is spanned by x; and O0.(x;), where e Tuns over R;.

4. COMPLETE TORIC VARIETIES ADMITTING AN ADDITIVE ACTION

In this section, we shortly present the results of [6]. Let X be a toric variety of dimension
n admitting an additive action, and ¥ be the fan of the variety X.

Since the variety X admits an additive action, the variety X contains an open G}-orbit
isomorphic to the affine space K". By [4, Lemma 1], any invertible function on the variety X
is constant and the divisor class group CI(X) is freely generated. In particular, the Cox
ring R(X) introduced in Section 2 is well defined.

We denote primitive vectors on the rays of the fan > by p;, where 1 < i < m.

Definition 3. A set ey,...,e, of Demazure roots of a fan ¥ of dimension n is called a
complete collection if (p;, e;) = —d;j, where 1 <4, j < n for some ordering of py, ..., ppm.

An additive action on a toric variety X is said to be normalized if the image of the group
G2 in Aut(X) is normalized by the acting torus 7.

Theorem 1. [6, Theorem 1] Let X be a toric variety. Then normalized additive actions
on X are in bijection with complete collections of Demazure roots of the fan 3.

Corollary 2. A toric variety X admits a normalized additive action if and only if there is
a complete collection of Demazure roots of the fan 3.

Theorem 2. [6, Theorem 2] Any two normalized additive actions on a toric variety are
1somorphic.

Theorem 3. [6, Theorem 3] Let X be a complete toric variety. The following conditions
are equivalent:
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(1) there exists an additive action on X ;

(2) there exists a normalized additive action on X ;

(3) @ mazimal unipotent subgroup U of the automorphism group Aut(X) acts on X with
an open orbit.

Definition 4. The negative octant of the rational vector space V' with respect to a ba-
sis fi,..., fn is the cone {Z)\ifi | A < O} cV.
i=1

Proposition 2. Let X be a complete toric variety. The following statements are equivalent:

(1) there exists an additive action on X ;

(2) we can order rays of the fan ¥ in such a way that the primitive vectors on the first n
rays form a basis of the lattice N, and the remaining rays lie in the negative octant
with respect to this basis.

Proof. We prove (1) = (2). Let us check that ey, ..., e, is a complete collection of Demazure
roots, then pq,...,p, form a basis of the lattice N. Assume that the vectors p,...,p, are
linearly dependent, i.e. there exists a non-trivial linear relation aypy + ...+ a,p, = 0.
Then we get —a; = (a1p1 + ... + appp, ;) = 0 for all 1 <i <n, a contradiction. Consider
an arbitrary vector v = >, v;p; of the lattice N. By definition of a complete collection,
we get (v, e;) = —v; € Z. Therefore, the vectors py, ..., p, form the basis of the lattice N.

All other vectors pj, j > n, are equal to — > )" | a;p; for some integer «vj;. By definition
of a Demagzure root, we obtain

0 < (pj,e) =Y b = i
The converse implication is straightforward.
Equivalence (1) < (3) follows from Theorems 1 and 3. O

We can order p; in such a way that the first n vectors form a basis of the lattice NV and the
remaining vectors p; (n < j < m) are equal to Z?:l —aj;p; for some non-negative integers
Q.

Corollary 3. The elements deg(z;),n < j < m form a basis of Cl(X) ~ Z™ ™ and an
element deg(z;),1 <i <mnis equal to ) ay;deg(z;).

j=n+1
Proof. The matrix of the linear map M — Z™ in the basis pj,...,p in M and in the

standart basis of the lattice Z™ is equal to ( _ITA ), where [, is the identity matrix of

size n and A = (aj;), n < j < m,1 <i < n. Therefore, the elements deg(z;),n < j < m

form a basis of C1(X) ~ Z™ " and the elements deg(x;) are equal to > ay; deg(z;).
j=n+1

O

5. DEMAZURE ROOTS OF A VARIETY ADMITTING AN ADDITIVE ACTION

Let X be a complete toric variety of dimension n admitting an additive action, and X
be the fan of the variety X. Denote the primitive vectors on the rays p; of the fan > by p;,
where 1 <7 < m.

From Proposition 2 it follows that we can order p; in such a way that the first n vec-
tors form a basis of the lattice N and the remaining vectors p; (n < j < m) are equal
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to > ., —aj;;p; for some non-negative integers cj;. Let us denote the dual basis of the basis
P1y-- s Pn DY DI, oo Dy

Lemma 1. Consider 1 <i < n. The set R; is a subset of the set —p; + > Z>op; and
I=1,l#i
the vector —p; is contained in R;.

Proof. Let e = > ;p; be a Demazure root from ;. By the definition, the Demazure roots

=1
from fR; are defined by the following equations:

81':—1

g >0, [<n,l+#i

n 1
aji—y. o >0, n<j<m (1)

=1

1£i

n

It is clear that all possible solutions lie in the set —p} + > Zsop;, and the vector —p;}
7

satisfies them. OJ

Consider the set Reg(&) = {u € N : (u,e) # 0 for all e € &}. Any element u from the
set Reg(&) divides the set of semisimple roots & into two classes as follows:

S={ee&:(ue) >0}, 6, ={cc&:(ue) <0}
At this point, any element of &, is called positive and any element of & is called negative.

Proposition 3. Let X be a complete toric variety admitting an additive action, and

R = (J R, be the set of its Demazure roots. Then
i=1

(1) any element e € R;,j > n, is equal to p}, for some 1 <i' <n;

n
(2) all unipotent Demazure roots lie in the set |J R;;
i=1

(3) there exists a vector u € Reg(&) such that S} C |J R;.
i=1

n
Proof. We start with the first statement. Consider a root e = ) ¢;pf € R, where j > n.
i=1

By definition of Demazure roots, we have —(pj,e) = > ajie; = 1 and ¢; > 0 for all
i=1

1 <i < n. Consider the set [; = {i : aj; > 0}. Then there exists s € I; such that ¢, = 1
and for all [ € [;\ {s} the equality ¢, = 0 holds. Since X is complete, there is no half-space
with all vectors p; inside. Hence, for all [ € {1,...,n} \ I; there exists > n such that

a, > 0. Since (p,,e) = — > ae; > 0, we have ¢, = 0. This implies e = pf. The first

=1
statement is proved.

Let us prove the second statement. As above, consider the root e = OIS R;, 7 > n.
From the first statement of Proposition 3 and Lemma 1 it follows that the element —e is
a root and lies in MR;; for some ;. This means that the root e is semisimple. Hence, all
unipotent roots lie in the set |J_, R;.
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To prove (3), we should find a vector w from the set Reg(&) such that the set

U;”:n 41 R, contains only negative roots. Consider the vector vy = — > p;. For every
i=1
root e € Jj-, ,, M;, we get the inequality (ug,e) = —1 < 0. We can add a small rational

vector Au = %Au’ € Ng, where Au’ € N and @ is a positive integer such that the inequal-
ity (uo+ Au,e)q < 0 holds for all roots e € | J;~,,,; Ri. So, we have Q(up + Au) € Reg(&),
and we obtain the required vector u := Q(ug + Au). UJ

Now we recall basic definitions from the theory of partially ordered sets.

Definition 5. Consider a set P and a binary relation < on P. Then < is a preorder if it
is reflexive and transitive; i.e., for all a,b and ¢ in P, we have:

(1) a < a (reflexivity);

(2) if a < b and b < ¢, then a < ¢ (transitivity).
Two elements a,b are comparable if a < b or b < a. Otherwise, they are incomparable. If
every pair of different elements is incomparable, then the preorder is called trivial.

An element a in P is maximal if for any element b in P either b < a or the elements a, b

are incomparable.

Define a preorder < on the set of rays {p1,...,pn} in the following way:
Piy < piy it oy, < gy, for every n < j <m.
6. ADDITIVE ACTIONS ON COMPLETE TORIC SURFACES

Let X be a complete toric surface with the fan . Suppose that X admits an additve
action. Denote primitive vectors on the rays of the fan 3 by pq, ..., p,. By Proposition 2,
we can assume that pq, ps is the standard basis of Ng and p;, 7 > 21is equal to —a1p1 —ajops.

'
P Definition 6. Let us call a fan ¥ wide if it satisfies one of the fol-

lowing equivalent conditions:

- (1) There exist 2 < ji,jo < m such that aj; > a;2 and

L Qjy1 < Qo

11 (2) By ={-pi}t and Ry = {-—p3}.
Proof of Equivalence. From the definition of Demazure roots it fol-
lows that

9%:{V4$V0§k§mm(ﬁﬁ},f&z{&mﬂwogkgmm<%g}.
7>2 OéjQ §>2 ajl
From this it follows that |9R| = Lmin (%)J 1, |R| = Lmin (%)J 1. This

>2 \ Q2 J>2 \ a1
implies the equivalence.

Let us consider two areas in Ng:
Ar={(z,y) e Mg :2 <0,y <0,z <y},
A =A{(z,y) € My : 2 <0,y <0,z >y}

The first condition from the definition of a wide fan means that there is a ray of ¥ in the
area A; and there is a ray in the area Aj.

Now we are ready to formulate the main theorem of this section.
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Theorem 4. Let X be a complete toric surface admitting an additive action. Then there
15 only one additive action on X if and only if the fan X is wide; otherwise there exist two
non-isomorphic additive actions, one is normalized and the other is not.

Proof of Theorem 4. We are going to classify additive actions on X by describing two-
dimensional subgroups of a maximal unipotent subgroup U of the automorphism group
Aut(X) up to conjugation in Aut(X).

Fix a vector u € Reg(&) that satisfies assertion (3) of Proposition 3. Hereafter, we write
ST instead of &;F. Denote the set & UL by R*. From Proposition 3 it follows that 3"
lies in the set |J;_, :;. All the one-parameter subgroups of roots from R™ generate the
maximal unipotent subgroup U in the group Aut(X), see [10, Proposition 4.3]. Denote the
set RT NN, by R

Lemma 2. There exists i € {1,2} such that |R| = 1. Moreover, max;—12|R]| =
maxl-:m |m2‘ .

Proof. From the definition of Demazure roots it follows that

%1:{<—1”f)20§k’§min(%>}, m2:{(k,—1):0§k§min<%)}.
i>2 \ oy >2 \ oy

We have || > 1, |R,| > 1 simultaneously if and only if

R, = {<_170)7(_171)}
Ry = {(0,—-1),(1,-1)}.

Since the roots (—1,1), (1, —1) are opposite to each other, only one of them can lie in R™.

Only the roots (—1,1), (1, —1) can lie in the set (31 N —My) U (Re N —NR;). Thus, we
have |R{| =1, Ry =R, or |R]| =1, R} = R,. O

Without loss of generality, it can be assumed that |9} | = 1. Denote the cardinality of the
set M5 by d+ 1. By Definition 6 the fan is wide if and only if d is equal to 0. In there term,
we have R} = {(—=1,0)} and RJ = {(k,—1) : 0 < k < d}. Denote LND that corresponds
to the root (—1,0) € R by d, and LNDs that correspond to roots (k, —1) € Ry ,0 < k < d

Lemma 3. The following equations hold:
[0, Ok] = kOk—1, [Ok, O] = 0.

Proof. In this proof, we use notation introduced in Section 2. The correspondence between
Demazure roots and LNDs implies:

J 81’1 ’ 8952

i 0 - 0
s=T[a-L, o=t [Las o L
j=3 j=3
It can be easily checked that the derivations 0y commute with each other. Moreover, direct
computations show that the commutator [d, dy| is equal to the derivation kdy_;. O

Let us find all commutative subgroups in the group U that correspond to additive actions.
Such groups are in bijection with some pairs (Dy, D) of commuting LNDs. Note that not
every pair of commuting LNDs corresponds to an additive action.



ADDITIVE ACTIONS ON COMPLETE TORIC SURFACES AND

ON UNIQUENESS OF ADDITIVE ACTIONS ON COMPLETE TORIC VARIETIES 9

Lemma 4. In the above terms, there is an invertible linear operator ¢ on the vector space
(D1, Do) that sends the derivations Dy, Dy to

d
¢(Dy) =0 + kZ::O,Ukak: 7 e €K ()
¢(D3) = 0o

Proof. Every pair of derivations has the form D; = A1§ + > M,ﬁ”ak and Dy = 2§ +
Zuf)@k. If A\ = X® = 0, then dimension of the orbit in the total space X is less

than 2. Therefore, the orbit can not become open after the factorization X > X. Thus,
without loss of generality we can assume that A(!) # 0. We can convert derivations Dy, D

to the form ¢ + > u,(j)ak, > u,(f)ak. From Lemma 3 it follows that the derivations Dy, Do
commute if and only if ,u,(f) = ( for k£ > 0. Thus, we can convert derivations Dy, D5 to the
form § + > ,ul(:)é?k, u((f)@o, with u((f) # 0. We can assume that u((f) =1. O

Lemma 5. Every pair of derivations of form (2) corresponds to an additive action.

Proof. Let us consider the GZ-action corresponding to the LNDs Dy, Dy. We prove that the
group G? x Hy acts in the total space K™ with an open orbit. By construction, the group G2
changes exactly two of the coordinates x1, ..., x,,, while the weights of the remaining m — 2
coordinates with respect to the Cl(X)-grading form a basis of the lattice of characters of
the torus Hyx. From this it follows that there exists a point p € K™ with trivial stabilizer.
Due to dim(G? x Hx) = m we get that the orbit of the point p is open. O

Hereafter, we suppose that D;, Dy have form (2). From Lemma 4 it follows that if d = 0,
then derivations Dy, Dy can be converted to 9, Jy respectively. Such LNDs correspond to a
normalized additive action and every additive action is isomorphic to this action.

Hereafter, we assume that d # 0.

Lemma 6. There exists an automorphism ¢ € Aut(R(X)) that conjugates Dy, Dy to the
form

{¢<D1> = 0+ a0 3

¥(D2) = 0o
Proof. We are going to find numbers 7, € K such that the automorphism ¢ = exp(d +

d
> ni0k) is the desired one.
k=1

The automorphism v conjugates LNDs D, D5 to the form

exp(d + Z MeOk ) D1 exp(—d — Z MeOk) =
3 k

= Ad (exp (5 + ; n,ﬁk)) Dy = exp <ad (5 + ; n,@)) D, =

d—k

— gyt 77k+l)> Ok;

=1

exp(d + Z NeOk ) Do exp(— Z

k
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Here, we get the system of linear equations

— (k+1)!
M’“+Z( )(_/lk+l+77k+l):0,0§k:§d_17

k!
1=1
in variables 7y, ...,n4. This system has a unique solution as an upper triangular system
and it is the solution we are looking for. O

Hereafter, we suppose that D;, Dy have form (3). Thus, we have a family of additive
actions parameterized by the number g :

x1—exp(s1D1 + seDo)x1=x1 + 51 [ ] a:?jl
=3
e m Qg d Mdsd_k k m (1'2—]430['1 (4>
To—rexp(s1 Dy + s9D2)xo=x0 + (82 + 2!1) H ) k sk 356j‘7 j
= =1 j=
Note that every action corresponding to the pair of LNDs of form (3) acts on z;,3 < j <m
identically.

Lemma 7. All additive actions with g # 0 are non-normalized and isomorphic to each
other.

Proof. We conjugate the pair of LNDs that have form (3) by an element ¢ of the maximal
torus T = (K*)™. One can easily see that see that for a homogeneous LND that corresponds
to the Demazure root e € M and an element ¢ of the maximal torus 7' we have tD t~! =

Xe(t)D. Indeed, the derivation D, is equal to [ x; tp5,€) = -, by definition. Let us consider
J#i

the image tD.t~!(x;) of an element ;. It is equal to ¢; ];[tp” ) ];[ J<p]’ Thus, we get
JFi Ve

tD 4 = t7 [tV Do = Tt De = x°(t) De.
J# J=1
Using this fact we obtain
tD1t 1 =X (1)8 + pax @V (4)0,
tDot ™t = X0V (1),

Since (710 £ 3@~ we can conjugate an additive action with g # 0 to the additive
action with pg = 1. O

From the last lemma it follows that there are two classes of additive actions. The first
one (pg = 0) is a normalized additive action:

m
T1— T+ S H :c?jl
o (5)

Q2
To—To + So ] z;’
Jj=3

The second is a non-normalized additive action:
m o
j1
r1—x1+ 81 [[x i

1 ajo—kaji
x2—>:1:2—|—(52+d,) § —|—Z oy [T 25 :
k=1 j:3

:]3

3

J
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Lemma 8. Actions (5) and (6) are not isomorphic.

Proof. Let us consider the homogeneous component of K[X| containing z»:

C = (xy) @ span{z? Hx;‘ﬂ_kaﬂ 10 <k <d}.
j=3
We consider the space V' = {s1D1 + s9D5 : 51,59 € K} and its subspace
Anny f={v eV :vf =0}, feC.

d m
Let f=Aza+ > Mah [1 x?jrka” be an arbitrary non-zero element of C.
k=0 j=3
In the case of normalized action (s1D; + s2Ds) f is equal to

m

m d
a; k—1 ajo—(k—1)a;
SQ)\HIjJQ‘i‘SlE Akt ij’2 (k=D)oj1
j=3 k=1

j=3
Elements of Anny f are defined by the following equations:
)\82 + )\181 =0 (7)
Axs1 =0, 2<k<d

The collection of subspaces Anny f, where f € C \ {0}, contains a family of
lines {s1 D1 + s2D5 : A\1s1 + Asy = 0}, (X : \y) € P2
In the case of non-normalized action (s; D7 + s2Ds) f is equal to

m m d m
S\ H x?ﬂ + sp Al H x?ﬂfdajl + 51 Z Akt =1 H :U?jr(k*l)aﬂ.
j=3 =3 k=1 =3
Elements of Anny f are defined by the following equations:
)\82 + /\181 =0
)\k81:0, QSkJSd (8)
)\81 =0
The subspace Anny f for f € C\ {0} can be either KD; or 0.
Hence, actions (5) and (6) are not isomorphic. O

Remark 1. The idea of this proof is taken from the proof [2, Theorem 1].

In the case of a wide fan, Theorem 4 follows from Lemmas 4 and 5. In the case of a
non-wide fan, we obtain the assertion from Lemmas 5-8. Theorem 4 is proved. 0

7. ON UNIQUENESS OF ADDITIVE ACTIONS ON COMPLETE TORIC VARIETIES

Let X be a complete toric variety of dimension n admitting an additive action, and X
be the fan of the variety X. Denote the primitive vectors on the rays p; of the fan X by p;,
where 1 < ¢ < m. From Proposition 2 it follows that we can order p; in such a way that
the first n vectors form a basis of the lattice N and the remaining vectors p; (n < j < m)
are equal to Z?:l —ay;p; for some non-negative integers a;;.

Fix a vector u € Reg(®) that satisfies assertion (3) of Proposition 3. Hereafter, we
write &T instead of &. Denote the set &1 U4 by SRT. From Proposition 3, it follows

n
that the set ™ lies in the set |J PR;. The one-parameter subgroups of roots from JR*
i=1
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generate the maximal unipotent subgroup U in the group Aut(X) and dimU = |RT|,
see [10, Proposition 4.3]. Denote the set R N R; by R
Let us denote a locally nilpotent derivation that corresponds to the Demazure root e € R

by O,.

Theorem 5. Let X be a complete toric variety admitting an additive action. The following
conditions are equivalent:
(1) the set R, is equal to {—p:} for every 1 <i < n;
(2) the set BT is equal to {—p3,...,—pL};
(3) the preorder < on the set of rays {p1,...,pn} is trivial;
(4) any additive action on variety X is isomorphic to the normalized additive action.

Proof. Equivalence (1) < (2) follows from Proposition 3.

Lemma 9. The vector —p; + p;, is a Demazure root if and only if p;, > pi,.

Proof. The element —pj, + pj, is a Demazure root if and only if the element satisfies inequal-
ities (pj, —p;, +pj,) > 0 for all n < j < m since (p;, —p;, +pj;,) > 0forie {1,...,n}\ {i1}
and (p;,, —p;, +pj,) = —1. The properties

n
(pj =05, +05) = (=D agpi, =y +P},) = iy — iy > 0,
i=1
for n < 7 < m are equivalent to the properties «;;, > o, for all n < 7 < m, or to the
property pi, > pi,. O

Let us prove implication (1) = (3). Suppose the converse that p;, > p;, for some iy # is.
By Lemma 9, the vector —p;, + pj, is a Demazure root and it lies in fR;,, a contradiction.

Lemma 10. Let e be a Demazure root from the set R; and e # —p;. Then there exists a
Demazure root € € R; with ¢ = —p; + pk for some 1 < r < n. Moreover, if (p,,e) >0 for
some r, then the vector —p; + p; is a Demazure root.

Proof. Let e = —p; + > ep}, where ¢, = (p;,e) > 0. There exists an index r # i such
I=1,1#i

that €, # 0. Let us define a vector ¢ = —p! + pr. We have (pj;,€’) > (pj,e) > 0 for all

n < j < m. Thus, the element ¢’ is a Demazure root.

O

Let us prove implication (3) = (1). Let us assume the converse. By Lemma 10, if the
set M; is not equal to {—p;}, then there exists r such that —p? + p* € R;. By Lemma 9,
we get p; > p,, a contradiction.

Now we prove implication (2) = (4). A maximal unipotent group U has dimension n.
So, the subgroup U is the only candidate for G} up to conjugation.

Let us prove implication (4) = (3). Without loss of generality, let us assume that there
exist rays p, p2 such that p, < p;1, where p; is a maximal ray. By Lemma 9, the vector —pj+
ps is a Demazure root. Let us consider the number d = max{e : —p} + ep} € R} and take
two ordered tuples of derivations:

D(l) = (_Dgl)7 e ,D7(”Ll)) — (a—piaa—p;7 a—P§7 T ’a_ij);
D = (DI, D) = (03, 0y + O piaps Dy -+, 05,
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Our goal is to show that these tuples correspond to non-isomorphic additive actions.
To prove this fact, we find some invariant varieties Sy (C),q = 1,2, for the above men-
tioned additive actions and prove that these invariants are non-isomorphic. The vari-
ety Sy (C),q = 1,2, is a subset of Cox ring R(X) connected with an additive action.

Firstly, we prove that the tuples D) and D® correspond to additive actions. The deriva-
tion 0z +O_pr yapy is a sum of two locally nilpotent derivations of degree zero with respect

to Cl(X)-grading. Therefore, any derivation in the tuples D@ ¢ = 1,2, is a derivation of
degree zero with respect to the Cl1(X)-grading.
Lemma 11. Derivations in the tuples DY and D® are locally nilpotent.

Proof. For any 1 <1 < n, the derivation 0_,: is locally nilpotent since it corresponds to a
Demazure root. We should check that the derivation d_,s 4+ 0_pr yaps is locally nilpotent. Tt
easily follows from the following:
(a—pé + a—pf+dp§)(x1) € K[x% Tn+1y Lp+2y - - - ,IL‘m],
(O—ps + O—prtapy)(2) € K[Tps1, Trga, - o, Tn);
(8_133 + a_pI_de;)(fL‘j) =0, for 2 <7< m.
O

Lemma 12. Deriwations in the tuple D9 g = 1,2, pairwise commute.

Proof. From Theorem 1 we know that derivations in the tuple corresponding to the
normalized additive action commute, as a result [a_p;,ﬁ_p;f] = 0. It remains to check

that [0_ps + O—pridps, O—pz] = [0—prrapy, O—p:] = 0if i # 2. This can be checked directly. [

By these lemmas, we get that the ordered tuples D@, ¢ = 1,2, correspond to actions a(?
on the variety X by the group G.

Definition 7. Let us call an ordered tuple of locally nilpotent derivations D = (Dy, ..., D,)
triangular if D;x; # 0 and Dyx; = 0 if ¢ > [.

It is easy to check that the tuples of derivations D and D® are triangular.
Lemma 13. The GJ'-action corresponding to a triangular tuple of commuting locally nilpo-

tent derivations has an open orbit on the variety X. Thus, a triangular ordered tuple of
locally nilpotent derivations defines an additive action G x X — X.

Proof. We prove that there exists a point p= (xy,...,2Z,) € XcX such that
dim(G, x Hx)p =m. The Jacobian of the orblt morphlsm 0. Gy x Hx — X at the

identity of the group G, x Hy is equal to H D;x; H xj. There exists a point p € X
1=1 j=n+1

where the product H D;z; H x; is not zero. The dimension of the tangent space of the
=1 j=n+1

orbit (G x Hx)p at the point p is equal to dim X = m. Thus, the orbit (G" x Hx)p on
the variety X is open. Consequently, after factorization 7y : X — X the orbit Glrx(p) is
open on the variety X as well. 0
Therefore, the action a9, ¢ = 1,2, is an additive action.
Now we prove that actions corresponding to the tuples D™ and D® are non-isomorphic.
Let us consider an equivalence relation on the set of rays (1) determined by

Piy ~ pPiy <= deg(x;,) = deg(x;,) in CI(X).
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This partitions ¥(1) into disjoint subsets | | ¥(1);, where each subset ¥(1); corresponds
i=1

to a set of variables of the same degree w;. Let C; = {f € R(X) : deg(f) = w;}

be the homogeneous component. Let us consider the Vector space C; as an algebraic

variety A4mC  We take the algebraic variety C = U C;.  We consider two vec-

tor spaces V(1) = {Zs D 5, €K} and V® = {Z siD f :s; € K}, For every ele-

ment f € C, we regard the subspace Anny f = {v € V v f = 0} of a space V of derivations.
Let us con81der the following sets:

Sv(C)={f€C;:dimAnny f > dimV — 1},

Sv(C) ={f € C:dimAnny f > dimV -1} = JSy(C

i=1
Lemma 14. The subset Sy (C;) is a closed subvariety of the variety C;.

Proof. We have the system of linear equations vf = 0, where v € V and f € C; is a
certain fixed element. We choose some bases in V' and in C;. In these terms, the condition
dim Anny; V' > dim V' — 1 means that the matrix of system of linear equations vf = 0 has
rank less than 2 or, equivalently, every 2 x 2 submatrix is singular. Thus, Sy (C;) is the
subvariety of C; defined by equations det(M) = 0, where M runs over all 2 x 2 submatrices
of the matrix of linear equation. ([l

By [11, Theorem 3.2.6] T-invariant divisors Dy,..., D,, on the variery X as well as the
elements [Dy],...,[D,,] € CI(X) are canonical. Therefore, the degrees of the variables
are canonical, since the degrees are equal to [Di],...,[D,]. As a result if additive ac-
tions a¥),a® are isomorphic, then the varieties Sya)(C), Sy (C) should be isomorphic.
We are going to prove that varieties Sy)(C) and Sy 2 (C) are not isomorphic.

Without loss of generality, we suppose x; € C;.

Lemma 15. Fori # 1, we have Sy, (C;) = Sy (C;).

Proof. We prove that the derivation 0_,:, 4 is zero on the vector space C;, ¢ > 1. As-

sume the converse. We know that 0_praps = f 6%1, where f € R(X). It follows that the

derivation 6%1 is not zero on the vector space C;. There exists a certain variable x; € C;,

[ #1. By Corollary 1, we get C; = {Az; + D~ e, AeOe(1) © A, Ae € K} Since [ # 1 we ob-

tain 5 9 (z;) = 0. Also, from the definition of Demazure root we get J.(x;) = x%m’e)g,

geE K[@, ..., &p). Since the ray p; is maximal, by Lemma 9 no vector —p; + pi is a De-
mazure root. Then by Lemma 10 the pairing (p;, e) is equal to zero and %(ae(x,)) =0, a
contradiction.

As the derivation 0_p: g5 is zero, the tuples of derivations D® and D® are equal. O

By Corollary 1, for every element f € C;, we can consider a representa-
tion f = Ax1+ >, AeOe(21) in the basis z1, 0.(x1), where e € R;.
ec€NRy

Since 0_pr = [[}2,11 2™ 6‘3: 1<i <n,and O p;papy = 24 [1L, 4 2000 72, the image

DZ- ()\xl + Zeeml AeOe(r1)),1 < i < nand ¢ = 1,2, belongs to span,cy, (86(951)}. Let us
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(9)

ez’

Dz(q) ()\xl + Z )\eae(ﬂl?l)> = Z Ué?ae(xl)-

e€R1 e€EMNRy

15

introduce the coefficients v

Lemma 16. The algebraic variety Sy (Cy) is the proper closed subset of the wvari-
ety SV(1>(Cl).

Proof. We prove that Sy (C;) < {A = 0}
trix L = (2)71’1’1 (2)7171’2 . We have
v

—pitdps,l V—pitdp;,2

For this, we choose 2 x 2 subma-

O (Az1 + D AeOe(w1)) = AD_ps (1),

eERq

(a—pé‘ + a—p}‘erp’z‘) ()‘zl + Z Aea@(x1)> = Aa—p’{-kdp’z‘ (z1) + Z ((p2,e) +1) )‘e+p§ae($1)~

ecRy e€R1
e+p§ S0

Since d is maximal with —pj + dp] being a Demazure root, we have ’U(EI)),{ tdppe = A

)‘—p)“f\-‘rpz) . Thus, SV(2) (Cl) C {/\ - 0} We know

The submatrix L is equal to

0
that span,ep, Oc(71) C ker O_ps 1 gpr. Therefore, if A = 0 then the systems of linear equations

are the same for tuples D) and D®. This follows that
Sv(z) (Cl) = SV<2) (Cl) N {)\ = 0} = SV(1)(Cl) N {)\ = 0}

Let us prove that Sy (C1) ¢ {A = 0}. Since ZsiDgl)(xl) = 510_p:(71) the point A =1
and all A\, = 0 belongs to the variety Sya)(Cy). O

By Lemma 16, the varieties Sy )(C) and Sy (C) are not isomorphic. This completes
the proof of impication (1) = (3). So, Theorem 5 is proved.
0J

8. COROLLARIES AND EXAMPLES

In this section, we preserve notation of the previous section. Here, we describe some
examples illustrating Theorem 4.

Example 1. Let us consider the surface P! x P!, Its fan is wide, and there is only one
additive action up to isomorphism.

P2 R, ={(—-1,0)} Normalized action:
Ry, = {(0,-1)} T1—T1 + S173
D3 D1 R = {(1,0)} Ta—>To + SoXy
Ry ={(0,1)} Ts—r T3
R = {<—1,0),(O,—1)} T4 T4
, D4 (s1,80) € G2

Example 2. Let us consider the surface corresponding to the following fan with
P3 = —p1 — 22, ps = —2p1 — po. Its fan is wide, and there is only one additive action up to
isomorphism.
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R ={(—-1,0)} Normalized action:
Ry = {(0’ _1)} r1—x + Slxgxi
Ry = o To—X9 + 82x§x4
9{4 = T3—r T3
Rt ={(-1,0),(0,-1)} T T

(81, 82) € GZ

Example 3. Let us consider the projective plane P2. It corresponds to the following fan

with p3 = —p; — po. This fan is not wide. Therefore, there are two additive actions up to
isomorphism.
p2 R ={(-1,0), (-1, 1)} Normalized action:
mQ = {(07_1)7<1>_1)} Ty = Ty A 5123
D1 %3 = (170)7(071)} .732—).1‘2—1—82%'3
%Jr:{<_170)7(0’_1)’(1’_1)} T3 = L3
2
P (s1,52) € G
Non-normalized action:
r1— Ty + 5123
252+s%
To—To + 5 L3 + S$171
T3—> T3

(51, 82) c Gz

Example 4. Let us consider Hirzebruch surface ;. It corresponds to the following fan with
P3 = —p1 — P2, Pa = —po. This fan is not wide. Therefore, there are two additive actions
up to isomorphism.

s R ={(-1,0)} Normalized action:
9‘%2 = 0,—1),(1,—1)} T1— T1+ S1Z3
9%3 = {(1, 0)} To—>To + SoX3X4
P Ry = T3— T3
MR :{<—1,0 , O,-l),(l,—l)} Ta— T4
Ps3 Pa (81, 82) € Gz

Non-normalized action:

11— 1+ S173
289452
To—Ty + =5 T304 + S1T1%4
T3—r T3
Ta—> T4

(Sl, 82) € GZ

For a geometric realization of these two actions, see [20, Propostion 5.5].
The next corollary follows from Theorem 5.

Corollary 4. Let X be a complete toric variety admitting an additive action. The following
conditions are equivalent:
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(1) the dimension of a mazimal unipotent subgroup of the automorphism group Aut(X)
15 equal to the dimension of the variety X;
(2) any additive action on X is isomorphic to the normalized additive action.

Proof. The dimension of a maximal unipotent subgroup is equal to the size of the set R™.
O

Example 5. Let us consider the set of vectors py,...,ps in N = Z? such that the vectors
p1, p2 form a basis of N, p3 = —p1 + p2, pa = —2p1 — pz and ps = —p1 — p2. Let p1,...,p5 C
Ng be the rays generated by the vectors p, ..., ps, respectively. Let us consider a complete
toric variety X with the fan ¥ such that (1) = {p1,...,p5}. It can be computed directly
that Ry = {—p}, —p + pi} and R; = @,i > 2. Therefore, a maximal unipotent subgroup
of the group Aut(X) has dimension 2, but there is no additive action on the variety X by
Lemma 1.

Now let us explain the connection between Theorem 4 and Theorem 5.

Corollary 5. Let X be a complete toric variety admitting an additive action. The following
conditions are equivalent:

(1) any additive action is isomorphic to the normalized additive action;

(2) the mmage under the projection along the coordinate
plane span{pi,...,Di,---,Piys---,Pn} Of the system of rays X(1) to the plane
spanned vectors py,, pi, determines a wide fan for every 1 <1y # Iy < n.

Proof. The image of the projection of the fan to the plane spanned by vectors p;,,p, is
wide if and only if the rays p;, and p;, are incomparable. Thus, the corollary stems from
equivalence (3) < (4) of Theorem 5. O]

Corollary 6. Let X be a complete toric variety admitting an additive action. If we
have m = n+1 or, equivalently, rank C1(X) = 1, then there are at least two non-isomorphic
additive actions.

Proof. By definition, the preorder on the rays py,..., p, is the same as the natural order on
numbers o, 111, ..., Qpy1,n. Every two elements are comparable. Therefore, the preorder is
not trivial. OJ

Corollary 6 covers the case of weighted projective spaces. By [6, Proposition 2], a weighted
projective space P(ag,...,a,),a0 < a; <...<a, admits an additive action if and only
if ap = 1. By this corollary, on a weighted projective space P(1,ay,...,a,) there are at
least two non-isomorphic additive actions.

The final example shows that in the case m = n + 2 an additive action can be unique.

Example 6. Let us consider the set of vectors py, ..., p,ie in N = Z" such that the vectors
P1,--.,pn form a basis of N, pyi1 = —> ¢ ip; and pyio = —> ¢ (n —i+ 1)p;. Let us
consider the rays pi,...,pn12 C Ng generated by pi,...,p,y2. We consider a complete
toric variety X with a fan ¥ such that (1) = {p1,..., pns2}. By Theorem 5 an additive
action on such a variety is unique.
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